Abstract. In this note, we prove some new entropy formulae for linear heat equation on static Riemannian manifold with nonnegative Ricci curvature. The results are simpler versions of Cao and Hamilton's entropies for Ricci flow coupled with heat-type equations.
Introduction
In G. Perelman's remarkable paper On the other hand, also motivated by Perelman's work, X. Cao and R. Hamilton In this note, we will combine the ideas of Ni and of Cao and Hamilton. Namely, we are going to prove some entropy formulae for linear heat equation which are counterpart of entropy formulae for Ricci flow proved by Cao and Hamilton, just as Ni's entropy is counterpart of Perelman's entropy in the case of linear heat equation on static manifold. Namely, we will prove: Theorem 1.1. Let (M, g) be a closed Riemannian manifold of dimension n and with nonnegative Ricci curvature. Let f be a positive solution to the heat equation
Here the Laplacian is defined as g ij ∂ i ∂ j . Let f = e −u , and we define
then for all time t > 0, , and we define
then for all time t > 0, W ≤ 0 and ∂W ∂t ≤ 0.
We will reduce the proofs of above two entropy formulae to the proofs of following two differential Harnack inequalities: 
Then for all time t > 0, H ≤ 0. 
Then for all time t > 0, P ≤ 0. The rest of this note is organized as follows. In section 2, we will give the proof of Proposition 1.3. An integral version of the Harnack inequality (Theorem 2.3) will also be given. In section 3, we will prove Proposition 1.4. We will also discuss about Ni's entropy. In section 4, the proofs of Theorem 1.1 and 1.2 will be completed. Finally, in section 5, we discuss the backward heat equation.
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Proof of Proposition 1.3.
In this section we will prove the differential Harnack estimate Proposition 1.3. The strategy is similar as in ∂f ∂t = ∆f,
and
Hence u satisfies the following equation,
Lemma 2.1. Let (M, g) be a Riemannian manifold of dimension n and u be a solution of (2.1) . Let
n t where α, β, b and c are constants that we will pick later. Then H satisfies the following evolution equation:
where λ is also a constant that we will pick later.
Proof. The proof follows from a direct computation. We calculate evolution equation of H term by term. First, since M has static metric,
Secondly,
and by Ricci identity
So we get that
Combine with (2.1), we arrive at
In the above lemma, let us take α = 2, β = 1, b = 0, c = 2, λ = 2. As a consequence, we have 
Now we can finish the proof of Proposition 1.3.
Proof of Proposition 1.3. Since M is a closed manifold, it is easy to see that for t small enough H(t) < 0. Then by Corollary 2.2 and the maximum principle of heat equation,
for all time t, when M has nonnegative Ricci curvature.
We can now integrate the inequality along a space-time path, and have the following: 
Proof. Since H ≤ 0 and u satisfies ∂u ∂t = ∆u − |∇u| 2 ,
If we pick a space-time path γ(x, t) joining (x 1 , t 1 ) and (x 2 , t 2 ) with t 2 > t 1 > 0, then along γ, we get
By the definition of u and Γ we obtain
Proof of Proposition 1.4.
In this section, we consider fundamental solutions of heat equation (1.1). Let f = (4πt)
and ∇ ln f = −∇v, ∆ ln f = −∆v. Hence v satisfies the following equation:
Lemma 3.1. Let (M, g) be a Riemannian manifold and v be a solution of (3.1). Let
n t where α, β, a, b and d are constants that we will pick later. Then P satisfies the following evolution equation:
Proof. The proof again follows from the same direct computation as in the proof of Lemma 2.1. Notice that the only extra term b n 2t 2 comes from the evolution of v.
Now again we analyze all the terms in the equation here. To apply the maximum principle of linear heat operator, we must make sure all the terms after ∆P are either mutiple of P , first order variation of P , or some terms with definite negative sign. Obviously we can't control the sign of the term 1 − 2(α−β) α λ b v t 2 (because v can have indefinite sign on M ), so we must kill this term. Then we have two choices:
In this case, we have the evolution equation becomes
So obviously we must have α − β ≥ 0, b + β ≥ 0 and 
From the argument above, we can see that Ni's entropy is the unique entropy of heat equation in this case. In fact, it is not only the counterpart of Perelman's entropy, but also the counterpart of one of Cao and Hamilton's entropies (see
CH
[2],Theorem 1.2), on the static manifold.
(2) b = 0.
Here the evolution equation reads
In this case, we may have various differential inequalities. If we take α = 2, β = 1, c = 2, λ = 2, then 
then we have
Here comes the proof of Proposition 1.3.
Proof of Proposition 1.3. Again since M is a closed manifold, then for t small enough P (t) < 0. By Corollary 3.2 and the maximum principle of heat equation,
On the other hand, we can also take α = 2, β = 0, c = 1, λ = 1, then we indeed get the classical Li-Yau differential Harnack inequality (see 
So by the maximum principle, P ≤ 0 for all t > 0.
4. Proofs of Theorem 1.1 and Theorem 1.2.
In this section, we complete the proof of monotonicities of the two entropies given in Theorem 1.1 and Theorem 1.2.
First, let (M, g) be the closed Riemannian manifold, and f be a positive solution of heat equation (1.1). Let u = − ln f and H as in (2.3), we define
it is easy to observe that
Here we used Stokes theorem for the last equality. So F is indeed the entropy we have in Theorem 1.1.
On the Backward Heat Equation
In this section, let's consider the backward heat equation 
